
Math 564: Advance Analysis 1
Lecture 2

Examples (continued) . I any metric rateverally , topologicall space , domen

In
any

set X the finite and confinite complement is finitel subsets from
I

an algebra , while the countable and co-countable subsets form a r-algebra .

Generation of algebras and r-algebras .

Observation. Arbitrary intersections of algebras (resp . F-algebras) is an

algebra (resp . T-algebra) . More precisely , for a st X, if
Ai= O(X) is an algebra Cresp . ↓-algebral for euch icI,
then &A

:

is also an algebra Cresp . Falgebra) .

i = I

(Here
,
I is an index set

,
which

may
be anctbl

.
)

Thus
,
for a given collection 2 = P(X)

,

we

may
define the

alyebra generated by 2 : <ex :
= 1 A

.

e = A = P(x)
A algebra

ralgebra generated b e : <ear :=1 3
.

2 = 3 = 0(x)
3 r-algebra

These we top-down definitions , using which
would be hard to compute



even Sex . We now give bottom-up/constructive equivalents .

Proposition .
Let X be a set al 2=P(X)

.

(a)
ses = er

,
where 2 : = t and

Zuxi = = <finite unieus and complements of srts from 2n) .

(b) sec = V I a
,

More 2
.

== 2 and for 230
,

& EWI := the first undbl cardinal

Za : = (ctb) unious and complements of sets from Vers]·
B< L

Proof
. (a) By induction on ,

it blows that each 2n=22s .

It VThus
,
it remains to verify

nei

In is an algebra, which

follows from the fact that if A
,BEEn ,

then

In such HA A
,
Bet

,
so AVB

,
A ? BY <Eas .

Details left as HW.

(b) The prof in similar , using transfinite induction and the

fact that the supremam of otbly many
otb ordinals is a ctblardical

.

Details left as optional HW.

Det
. Let X be a metric space move generally a topological space) . The Barel/

--algebra is the Falge bra generated by the open sets .

It is denoted

by B(x) and I sit in it are called Bonel sets .



Bot
. A measurable space is a let equipped with a F-algebra of its subsets

,

i
. e
.
a pair IX , 33 , where X is a set und 3=P(X) is a r-algebra.

Measures
.

Det
.

For an algebra A=P(X)
,

a

wap & : A->10 , 07 is said to be

finitely additive if M( An) = 2 M(An)
n(k

for
any pairwise disjoint As,Ar .,Are A .

countably additive if er( An)= Ei (An)

for
any pairwise disjoint Ar

,
An
,
...

A with HAme A
.

LEIN

(Note that if A in a r-algebra then S Ane A is automatic
. )

Def
. A measure on a measurable space /X 5) is a ctly additive/

function & : 3-> 10
, 0] mapping & b 0

.

Caution
.

There is a herm knitely additive measure
,
which doesn't menu

"measure with extra properties" , but rather it is a finitely
additive function on an algebra wapping & to 0

.

A measure Mon (X , 3) is called
finite if M(X)< O .

probability if M(X)=1
.

refinite if I partition X= such Rat M(r) Kn
.



in practice , we mainly consider -finite measures
.

Examples . (a) For a set X
,

the Dirac measure (or point measure) at xo &X

is the reasure &: P(x)+ 90 , 13 defined by
5
.

(i) = =
=
if vex

- frY=P(X)
.0 otherwise (

13) For a set X
,

the counting measure on
X is the measure

M : P(X) -> 10 , 0] defined by

↑(i) =
= Gi if "Finite , for Ye DX) .

k) For an undbl set X
,
let 3 be the algebra of oth and corefb)

sets
. Define M : 3-s40 , 1 by

Mi =- 1 w ,
for =3 .

This is a probability measure .

Obs
. (a) A weighted itbl sum of measures is a measure

.

More precisely , if
Mo
,
M, Me ... are measures on a Falgebra 5 = O(X) and Wo

,
W
,
W
,
...

are nononegative scalars then I warn is a measure on 3 .

UEIN

(b) A convex combination of probability measures is a probability measure -
More precisely , if Mo

, ...
are prob. measures on a raly 3 = P(X)

and No
,

w
. ....

are non-negative scalars with Iwa=1
,

When

Zwain is a prob. measure .
RCIN

nE/N



In particular :

Examples (continued)
.
(d) A weighted sum of Dirac measures is a measure

,

i
. e . for 4xnBr=X and (Wn3neN = <0

,
9)
,

Zwada is a measure
.

~CIN

Note but if X is otbl
,
then the counting measure

on X is just Zix .

x X

Def
. Let 3 be a roaly on a set X containing all singlations .

We
say

that a measure Mou (X
,
31 is

atomic if it has atows
.

purely abuic if M = ctbl weighted sum of Dirac measures.

atomless or monatomic (or continuous
,
but his is outdated terminology

if it has no atoms
,

In the examples above
,

(a)
,
(b)

,

and (d) are purely atomic
,
while (c)

is atom In order to define more useful nonatomic measures

on
zarlen . , say

or
Rd

,
we need to first define them on small algebras and

then extend to the generated Falgebras . We call a measure on an

algebra a premeasure
,

to emphasize the fact that it is not define on

a o-algebra .

Bernoulli premeasures on 2 .

Let A devote the algebra of depen subsets
of 2

. By HW
,

A = 4 finile unions of cylinderst = >Finite disjoint unious of glinderst,



where the last is because
any

two cylinders are either disjoint or rested.

Fix PCC0 , 1 .

We define the Bernoullip) premeasure : A -10
,
1

as follows :

(i) For a word we 2
IN

S
put ((W3) = = p" . (l-p)" ,

where

no :
= #of Os in w

,
nii= # of As in w

.

(ii) For ACA
,
write A as a fite disjoint union Palm of uglinders,

auch put Mp(A) := p(n) .

We first need to chow but
p

is well-defined
,
i
. e

. doesn't depend on

the choice of the partition A = HCn
,

nak

Terminology · The base of a cylinder =2" is the unique word we >CIN

such tt C= [w] ·

Claim (a)
.

For any finite word we2 and ear0
,

((w)) = Zep(was) .

Proof
.

It is enough to
prove

for lif and apply induction (one)
.

But for =1
,
we have

- Y ((was) = (wo])
+ (wi) = ((w)) · (1 - p) + Fp((w)) · P = /(w3) .


